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Abstract 

We consider a class of quasi-integrable Hamiltonian systems obtained by adding to a non- 
convex Hamiltonian function of an integrable system a perturbation depending only on the 
angle variables. We focus on a resonant maximal torus of the unperturbed system, foliated 
into a family of lower-dimensional tori of codimension 1, invariant under a quasi-periodic 
flow with rotation vector satisfying some mild Diophantine condition. We show that at least 
one lower-dimensional torus with that rotation vector always exists also for the perturbed 
system. The proof is based on multiscale analysis and resummation procedures of divergent 
series. A crucial role is played by suitable symmetries and cancellations, ultimately due to 
the Hamiltonian structure of the system. 

1 Introduction 

Consider the Hamiltonian dynamical system described, in action-angle variables, by the Hamil- 
tonian function 

H(a, P,A,B) = -~A-A+ X -B 2 + ef(a, p), (1.1) 

where (a, f3) G T d x T, (A, B) eR d xR, f : T d+1 -> R is real-analytic, e G R is a small param- 
eter (the perturbation parameter) and • is the standard scalar product in R d . The corresponding 
Hamilton equations can be written as closed equations for the angle variables (q,/3), 

(a = ed a f(a,p), 
\p = -edpf(u,l3). 

For e = all the solutions of (|1.2j) are trivially of the form (a(t) , j3(t)) = {a.® — A$t, f3$ + B$t) 
where (ocq, /3q) and (Aq, Bq) are the initial phases and actions, respectively. Fix the initial actions 
as (A , B ) = (-cj, 0) with u G R d such that u ■ v ^ for all v G 1i d := Z d \ {0}. Then the 
solutions of the unperturbed system lie on a (al + l)-dimensional invariant torus foliated into 
ci-dimensional invariant tori parametrized by /?o- 

For e / we say that the system has an invariant d-dimensional torus with frequency cj 
if there is an invariant manifold for (|1.2j) where the motion is conjugated to a rotation with 
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frequency vector u> on T d , more precisely if there exists (3q 6 T and two analytic functions 
a £ : T d ->■ T d and /3 E : T d -> T such that a (*/>) = and /3 (V>) = 0, the submanifold 971 of the 
form a = ift + a £ (tp) and /3 = /3 + (3 £ (ip) is invariant for (|1.2|) and the flow on 9JT is given by 
ip — > + o;i. 

For a; € R ' define the Bryuno function as [1] 

^(^) : =5Zi log — TTT' tt » : = inf. I<*> " *4 

m>0 0<|i^|<2 m 

We shall prove the following result. 

Theorem 1.1. For any u € ~R d suc/i £/ia£ £>(tt>) < oo, there exists Sq > sitc/i £/ia£ /or any 
\s\ < Eq the system hl.S\) admits at least one invariant d- dimensional torus with frequency u). 

Remark 1.2. It will turn out from the proof that it may happen that the system admits a whole 
(d+ l)-dimensional torus foliated into o!-dimensional invariant tori. In such a highly non-generic 
case, the solution is analytic in both the initial data and in the perturbation parameter. 

Theorem 11.11 can be seen as a particular case of the result announced in [5], where the 
problem of existence of (f-dimensional tori is considered for Hamiltonian systems with (d + 1)- 
degrees of freedom described by Hamiltonian funtions H(a, /3, 1) = Hq(I) + eHi(a, /3, 1), where 
/ = (A, B) £ with Di a neighbourhood of zero in H rf+1 , and the functions Hq, H\ are real- 
analytic in all their arguments and 2-7r-periodic in a, (3 and (modulo a canonical transformation) 
satisfy the following conditions: 

1. 8aHo(0, 0) = u, with u such that \u> ■ u\> c \v\~ T for c > 0, r > d — 1 and all v € ; 

2. detdfFo(O) + and d%H (0) = 1; 

3. the function Hq(A, B) — u ■ A has a saddle point of signature 1 in zero, that is 

r? • S v < 1*0 • v\ 2 Vt? G H d \ {0}, 
where S := d 2 A H (0) and t := d A d B H (0). 

Indeed the Hamiltonian function (jl.ip satisfies the conditions above, with = —1 and to = 
(in fact the Bryuno condition B{uj) < oo is weaker than the standard Diophantine condition in 
item [1] above). Our method should apply to the more general case considered in [5]: we prefer 
to focus on a particular class of systems, to avoid technical complications and put emphasis on 
the method, rather than the result itself — already stated in [5]. We shall show that the result 
can be credited to the existence of remarkable symmetries of suitable quantities, the so-called 
self-energies, that will be introduced in the proof. In turn such symmetries are related to the 
Hamiltonian form of the equations of motion. 

The construction envisaged below, as well as the method of [5], does not allow us to obtain 
the existence of invariant d-dimensional tori in the case of convex Hq(I) treated by Cheng [2\. 
At the end we shall try to briefly illustrate where problems arise when dealing with convex 
Hamiltonians. In particular we shall see that the aforementioned symmetries are not sufficient 
in that case, and other cancellation mechanisms should be looked for. 
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2 The formal expansion 

Fix cj G H d such that B(oj) < oo. We look for a quasi-periodic solution to (|1.2j) of the form 
(a(t), 0(t)) = (oq + a;* + aft), A) + 6(t)), with 

o(t) = 2 e^V, 6(t) = ^""V 

and (a(t), b(t)) — )■ (0, 0) as e — )• 0, so that in the Fourier space (|1.2p becomes 

(w.i/)V = -[e3„/(a,y3)] v , i/^0, (2.2a) 

(w • i/) 2 6„ = [edpf{a, /3)]„, v^O, (2.2b) 

[ed a f(a,P)] = 0, (2.2c) 

[ea /9 /(a,/3)] = 0, (2.2d) 

where 

/9)]. = E E ZuS^o) p+l d}U (a ,Po)ll a ^ II 

p>0 UQ+...+Up+ q =V 1=1 j=P+l 

^/(a jJ 9)] 1/ = X; E -^K^fV.oK^o)]!^, II b »i> 
p>o i/o+...+i'p+ 9 =f ^ i=i i=p+i 

<?>o i^ez 11 

i/ i 6Z^,i=l,...,p+g 
and fv(oio,l3o) = e lv ' a ° f u {Po)i where we denoted 

/(«,/?)= ^ /,(/3)e^ a . 

Throughout the paper, the sums and the products over the empty set have to be considered as 
and 1, respectively. Equations (|2.2ap and (j2.2bj) are called the range equations, while ()2.2c|> 
and (f2^dl) are called the bifurcation equations. 
We start by writing formally 

a(t) = a(t;e,a ,p ) = a + ut + ^2e k ^ e^a^ (a , ft,), (2.4a) 

k>i uezi 

P{t) =p(t;e,ao,Po) = A, + £ e^b^ (a Q , f3 ). (2.4b) 

If we define recursively for k > 1 and v ^ 

a - fe) = -r-^fe«/(«.0]i*~ 1) . $° = r J - 1I [^/(a,/3)]r i ), 

(a; • ^) z (a> • i/)^ 
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with [<9 a /(o!,/3)]i 0) = if/„(a ,A)), [dpf(a, /3)]i 0) = dpf u (a ,fi ) and, for fc > 1, 

1 P P+9 

[a a /(o,^]«=x; e i^r^i/.oK^o) e n 

p>0 ^o+---+^p+ 9 =^ fci+...+fe p+ «j=A: i=l j=P+l 

<?>o i/ ez d fei>l 
i/ i eZ^,i=l,...,p+g 

-. p p+g 

^/(a,/3)]«=E e ^wafv.oK^o) e n ^ 

p>0 fo+...+f«+ r =i/ fci+...+fc p+9 =fc i=l j=p+l 
<?>0 iy GZ d fci>l 
i^eZ d ,i=l,...,p+g 



then the series (|2.4p turn out to be a formal solution of the range equations for any values of 
the parameters cxq and /3q- 

Unfortunately in general we are not able to prove the convergence of the series (|2.4p and 
moreover we also have to solve the bifurcation equations. As we shall see the two problems are 
somehow related. 



3 Conditions of convergence for the formal expansion 

In this section we shall see how to represent graphically the formal solutions (|2.4|) . We shall see 
that under suitable (quite non-generic) hypotheses the two series converge. However, in general, 
a resummation is needed to give the series a meaning: this will be discussed in Section [H 

3.1 Diagrammatic rules 

Our aim is to represent the formal series as a "sum over trees", so first of all we need some 
definitions. (We closely follow OS], with obvious adaptations). 

A graph is a set of points and lines connecting them. A rooted tree 9 is a graph with no 
cycle, such that all the lines are oriented toward a single point (root) which has only one incident 
line £q (root line); we will omit the adjective "rooted" in the following. All the points in a tree 
except the root are called nodes. The orientation of the lines in a tree induces a partial ordering 
relation (^) between the nodes and the lines: we can imagine that each line carries an arrow 
pointing toward the root. Given two nodes v and w, we shall write w -< v every time v is along 
the path (of lines) which connects w to the root. 

We denote by N(9) and L(9) the sets of nodes and lines in 9, respectively. Since a line 
£ € L(9) is uniquely identified by the node v which it leaves, we may write £ = £ v . We write 
£ w -< £ v if w -< v, and w -< £ = £ v if w ^ v; if £ and £' are two comparable lines, i.e. £' -< £, we 
denote by V(£,£') the (unique) path of lines connecting £' to £, with £ and £' not included (in 
particular V(£,£') = if £' enters the node £ exits). 

With each node v G N(6) we associate a mode label v v G Z rf and a component label 
h v G {oti, . . . , ad, and we denote by s v the number of lines entering v. With each line £ = £ v 
we associate a component label hg v = h v and a momentum G Zf, except for the root line 
which can have either zero momentum or not, i.e. U£ g G 1j d . For any node v G N(9) we 
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denote by pj }V , q v the number of lines entering v with component aj and /3, respectively, and set 
Pv = Pi,v + ■ ■ ■ + Pd,v) of course s v = p v + q v . Finally, we associate with each line £ also a scale 
label such that = — 1 if U£ = 0, while ri£ £ Z + if i>7 ^ (so far there is no relation between 
non-zero momenta and scale labels: a constraint will appear shortly). Note that one can have 
ri£ = — 1 only if £ is the root line of 9. We force the following conservation law 



We shall call trees tout court the trees with labels, and we shall use the term unlabelled tree 
for the trees without labels. We shall say that two trees are equivalent if they can be transformed 
into each other by continuously deforming the lines in such a way that these do not cross each 
other and also labels match. This provides an equivalence relation on the set of the trees. From 
now on we shall call trees such equivalence classes. 

Given a tree 9 we call order of 9 the number k{9) = \N{9)\ = \L(9)\ (for any finite set S 
we denote by \S\ its cardinality), total momentum of 9 the momentum associated with £q and 
total component of 9 the component associated with £q. We shall denote by @k,u,h the set of 
trees with order k, total momentum v and total component h. A subset T C 9 is a subgraph of 
9 if it is formed by set of nodes N(T) C N(9) and lines L{T) C L(9) connecting them (possibly 
including the root line: in such a case we say that the root is included in T) in such a way that 
N(T) UL(T) is connected. If T is a subgraph of 9 we call order of T the number k(T) = |iV(T)|. 
We say that a line enters T if it connects a node v ^ N(T) to a node w £ N(T), and we say 
that a line exits T if it connects a node v £ N(T) to a node w ^ N(T) or to the root (which is 
not included in T in this case). Of course, if a line £ enters or exits T, then £ ^ L(T). If T is a 
subgraph of 9 with only one entering line £' and one exiting line £, we set "Py := V(£,£'). 

A cluster T on scale n is a maximal subgraph of a tree 9 such that all the lines have scales 
n' < n and there is at least a line with scale n. The lines entering the cluster T and the line 
coming out from it (unique if existing at all) are called the external lines of T. 

A self-energy cluster is a cluster T such that (i) T has only one entering line £' T and one 
exiting line £t, (h) 7^ 1^ for all £ € Pr, (hi) one has ug T = vg and hence ^2 v& n(t) v v = 0. 

We shall say that a self-energy cluster is on scale —1, if N(T) = {v}, with of course u v = 
(so that V T = 0). 

Remark 3.1. Given a self-energy cluster T, the momenta of the lines in Vt depend on V(i 
because of the conservation law (I3.ip . More precisely, for all £ £ Vt one has Vg = v\ + with 
1/° = X^toGAf(T) to-rf v vii w hile all the other labels in T do not depend on vgi . 

We say that two self-energy clusters T\,T<i have the same structure if setting = = 
one has T\ = T2. Of course this provides an equivalence relation on the set of all self-energy 
clusters. From now on we shall call self-energy clusters tout court such equivalence classes and 
we shall denote by u e the set of self-energy clusters with order k, scale n and such that 
hi> = e and h^ T = u, with e, u £ {ati, ■ ■ ■ , a^, /3}. 




(3.1) 



w<=N(e) 

w-<£ 
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Given any tree 9 € @k,v,h we associate with each node v E N(6) a node factor 

1 



p v \q v \ 



(iu v )^ +1 dff Uv (cx ^ ), K = a h j = l,...,d, 

(3.2) 



l —(iu v f^df +1 f Uv {^Po), K=P 



K p v \q v \ 

which is a tensor of rank s v + 1. We associate with each line t £ L{9) a propagator defined 
as follows. Let us introduce the sequences {m n ,p n } n >o, with niQ = and, for all n > 0, 
m n+ i = m n +p n + l, where p n := maxjg £ Z + : a mn (uj) < 2a mn+q (u)}. Then the subsequence 
{a mn (u)} n >Q of {a m (u})} m >o is decreasing. Let x '■ — >• R be a C°° even function, non- 
increasing for x > 0, such that 

f 1, Id < 1/2, 
X(x)= „ ;/ (3.3) 

I 0, \x\ > 1. 

Set X-i( 2: ) = 1 an d Xn(^) = x(& x / a m n ( CJ )) f° r ^ > 0. Set also = 1 — x( 2; )) ^n(d) = 

ij)(8x/a mn (u))), and x f n (x) = Xn-i(^)'0n(^) ) for n > 0; see Figure 3.5 in [2J. Then we associate 
with each line a propagator 

ft := < (« • vtf - (3.4) 




n £ = -1. 

Given any subgraph S of any tree 9 we define the value of 5 as 

ns)= ( n -m ( n A ■ ( 3 - 5 ) 

Set 6 fc)I/)a := @k,v, ai x ... x 6^,,/,^ and for any 6 = (0 1 , ...,9 d ) G Ofc^a define f(0) := 
(y(6»i), . . . , y(0 d )), so that one has 

ai fc) =^y(0), &W=^y(0), i^O, (3.6a) 
[-0 a /(a,0)]?> = J] [^/(«,/?)]?°= E n0), (3.6b) 

as is easy to check. In particular the quantities in (13. 6p are well defined for any (fixed) k > 1 
(see Appendix H in [3]). 

Remark 3.2. Given a subgraph S of any tree # such that Y(S) ^ 0, for any line t € L(S) 
(except possibly the root line of 9) one has ^ ne {u3 ■ ^i) ^ 0, so that 

SH, , ^ Om».-i4ft»-i( w ) %-l(w) 
£ < U> • I/« < < - = , 

16 - 1 1 - 8 4 4 
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where a m _ 1 (u) has to be interpreted as +00, and hence, by definition of a m (u), one has > 
2™"' _1 . Moreover, by definition of {a mn (u>)} n >o, the number of scales which can be associated 
with a line t in such way that the propagator does not vanish is at most 2. 



3.2 Dimensional bounds 

For any subgraph S of any tree 9 call ^(S 1 ) the number of lines on scale > n in S, and set 

K(S):= Kl- ( 3 - 7 ) 

veN(S) 

We shall say that a line £ is resonant if it exits a self-energy cluster, otherwise £ is non- 
resonant. For any line £ G 9 define the minimum scale of £ as 

Q : = min{n G Z+ : <f n (u • v t ) ^ 0}. 

Given any subgraph S of any tree 9, we denote by 91* (5) the number of non-resonant lines 
^ € -k(S') such that Q > ^- By definition, if y(S) 7^ 0, for each line £ G -k(S') either = Q or 
n ^ = + 1- We have the following results. 

Lemma 3.3. For all h G {ct\, . . . , ad, 1^ G 1j d , k > I and for any 9 G @k,u,h with i / {9) 7^ 0, 
one has W n {9) < 2~ ( - m "' 2 ^K(9) for all n > 0. 

Lemma 3.4. For all e, u G {«i, . . . , ad, (3}, n > 0, k > 1 and /or any T G 6^ u e with y(T) 7^ 0, 
one has K(T) > 2 rn "- 1 and VT p (T) < 2~ { - m ^K(T) for all0<p<n. 

The proofs of the two results above can be easily adapted from the proofs of Lemmas 6.4 and 
6.5 in [1], respectively (and the same notations have been used), notwithstanding the slightly 
different definition of resonant lines and the fact that here the lines different from the root line 
can have only scale > 0. 

Lemma 3.5. For any tree 9 G &k,v,h an d an V self-energy cluster T G &n,u,e denote by Lnr{9) 
and Lnr(T) the sets of non-resonant lines in 9 and T, respectively, and set 



Vnr{9) :-- 

Then 



n ) ( n el) , -tnrP) ■■= ( n ) ( n & ) ■ 

\veN(6) / \££L NR (8) / \veN{T) / \ieL NR (T) / 



I y NR {e)\ < cfe-^i/ 2 , 1 y NR {T)\ < c k 2 e-^i\ (3.? 

for some positive constants C\ and C2. 



Proof. We prove only the first bound in (|3,8p since the proof of the second one proceeds in the 
same way, with T playing the role of 9. For any uq > one has 

„ / 1fi \ 2 * / ifi \2KW 

II ^ ( ^ (ZJT ) II (^y) <D(n o reMano)K(9)), 
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with 

. 16 . . v-^ 1 ! 16 
D(n ) = -— , £(no =8 > — log -— . 

m no \ I n>n +l m " A ' 

Then, since B{u) < oo, one can choose no such that C( n o) < £/2, so that, since 

veN{6) 

for some positive constant Co, the bound follows. 

If T is a self-energy cluster, we can (and shall) write Y(T) = ■ ) and ^ nr(T) 

^t,nr{^ ■ v t' T ) to stress the dependence on vp — see Remark 13,11 

Remark 3.6. Since the proofs of Lemmas 13.31 and 13.41 work under the weaker condition 

< w ' ^ < S 



32 

one can show that also cP x "f 't,nr(tx) admits the same bound as ^t,nr{x) in (|3.8p for j = 0, 1, 2 
and r G [0, 1], possibly with a different constant C%. 

What emerges from Lemma f3.5l is that, if we could ignore the resonant lines, the convergence 
of the series (|2.4p would immediately follow (for e small enough) . On the contrary, the presence 
of resonant lines may be a real obstruction for the convergence. Suppose indeed that a resonant 
line t exits a self-energy cluster T on scale n <C ng. Then T must contain at least one line £' on 
scale n such that 2|w • u% | > \u ■ > \u> ■ v% |/2 since n<ii( (recall the definition of v% in 
Remark 13. 1|) and hence |i/9/| > 2 mn_1 (reason as in Remark 13.21 to bound \v%\ in terms of the 
scale nz). Therefore we can extract a factor e -? 2mn / 8 from the product of the node factors of the 
nodes in T: however this is not enough to control the propagator Qi for which we only have the 
bound 2 8 /a mnf (a;) 2 . Moreover in principle a tree can contain a "chain" of self-energy clusters 
and hence of resonant lines, which implies accumulation of small divisors. Therefore one would 
need a "gain factor" proportional to (u ■ vi) 2 for each resonant line I for the power series (|2.4p 
to converge. 



3.3 Symmetries 

For all k > 1 define the self-energies 

n 

Mi k) e (x,n) := *t(x), M%l(x,n) := £ M<$(x,p), 

re6* UiB p=-i (3.9) 

yWg(x) := lim 

Here we shall exhibit the existence of suitable symmetries for the self-energy clusters, i.e some 
remarkable identities between the quantities M^ e (x,n) and M^l(x) introduced in (|3.9p . In 
turn such symmetries will allow us to obtain a gain factor proportional to (u> • vi) 2 for "some" 
resonant line I: under suitable assumptions (which we shall exploit later on) this will imply the 
convergence of the power series (j2.4j) . 
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Lemma 3.7. For all k > 1 one has 

M { £]aM = d ao>j [-d ai f(cc,P)]$\ M^JO) = d Po [-d ai f(a, p)] { k \ 

Proof. First of all let us write, for eo = o^i, • • • , ao,d> A) and u = aii, . . . , ad, (3, 

9 eo[ E no))= E E v*( n f II &]» ( 3 - 10 ) 

\eee fc , , u / 6ee k ,o,uveN(6) \v>eN(6)\{v} J \£eL(6) J 

where we have used the fact that Y{6) depends on cto, A) only through the node factors. Each 
summand in the r.h.s. of (|3,10p differs from Y{9) because a further derivative (with respect to 
oio t j or /3q) acts on the node factor of a node v G N(6). This can be graphically represented as 
the same tree 6, but with a further line £' entering the node v; such a line carries O-momentum 
and has component e = ai, . . . ,ad, (3 for eo = 0:0,1, • ••> <*o,d-> Po, respectively, and hence it is 
a contribution to M^l{0)- On the other hand it is easy to realise that each contribution to 
A^^e(O) is of the form above. Therefore the assertion follows. ■ 

Lemma 3.8. For all k > 1 one has 

Mi% 3 (x,n) = Mi% t (-x,n) = ( K Mi% i (x,n)Y , i,j = l,...,d, (3.11a) 
Mfy(x,n) =M^(-x,n) = [M%{x,n))\ (3.11b) 
M^pix, n) = -Mf^i-x, n) = - (Mf ai {x,n))\ i = l,...,d, (3.11c) 
where * denotes complex conjugation. 

Proof. Let us start from (|3.11ap — in fact (|3.11b|) can be obtained reasoning in the same way. 
Given any T G &n,a it a- ^ T' G &n,a ,oti be obtained from T by considering £t,£'t as entering 
and exiting lines, respectively, and reversing the orientation of the lines in Vt- Denote by 
N(Vt) the set of nodes in N(T) connected by the lines in Vt- The node factors of the nodes 
in N(T) \ N(Vt) and the propagators of the lines outside Vt do not change. Given v G N(Vt) 
let £ v ,£' v G Vt U {£t,£'t\ be the lines exiting and entering v, respectively. If hg v = hi> = f3 or 
he v , hp G {qi, . . . , ctd} then T v does not change when considering v as a node in T' . If fi£ v = /3 
while hff G {ai, . . . , cy} or vice versa, the node factor T v changes its sign when considering v 
as a node in T'. Since both he T , hp G {a\, . . . , ad}, then the number of nodes in N(Vt) whose 
node factor changes sign must be even, so that the overall product of such node factors does 
not change. Finally if £ G Vt one has vi = v\ + vp when considering it as a line in L(T), 
while vi = —v\ + V(i t when considering it as a line in Vt'i so that, computing at / = —v^, 
the propagators are equal since they are even in their arguments. This proves the first equality 
in (|3.11ap . Now let T" G &n,aj,ai be obtained from T' by replacing the mode labels u v of the 
nodes in N(T) with —v v . The node factors are changed into their complex conjugated, while 
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(reasoning as before), when computing at up /f = —v^, the propagators (which are real) do not 
change. 

To prove (|3. llc[) we reason as above, the only difference being that, for T £ 6^ p, the 
numer of nodes in N^t) which change sing when considering them as nodes in T' is odd, and 
hence the overall product of the node factors change its sign. ■ 

Remark 3.9. From Lemma 13.81 it follows that for all k > 1 and all n > one has 



d x Mp%(0,n) = 0, 

d x M ( £p(0, n) = - (dxMfat (0, n)) * , i = l,...,d. 
Lemma 3.10. For all k > 1 one has d x M.h^, a A0,n) = for i,j = l,...,d. 

Proof. Given a cluster T G Gjj a . a ., with i,j = 1, ... ,d, contributing to M^°] aj (0,n) through 
(pT9"l) . set 



& ^t(o) - e n ^ ^ n & ) > ( 3 - is ) 

l&Pr \v£N(T) ) \ e'eL(T)\{£} 

where the propagators have to be computed at u ■ = and 



(^•^0)2 (u;-^) 3 ' 

where W n denotes the derivative of ^ n with respect to its argument. Clearly d x ^T(0) is a 
contribution to d x Ai^ aj (0). 

Now, the line £ divides L(T) in two disjoint set of nodes Ni and N2 such that £t exits a 
node of N\ and £^ enters a node in N2. In other words if £ exits a node v one has -/V2 = {w £ 
iV(T) : w r< and iVi = iV(T) \ iV 2 . Set 

Since T is a self-energy cluster one has v\ + v-i = 0. Then consider the family J~i(T) of self- 
energy clusters obtained from T by detaching the exiting line It and reattaching it to all nodes 
w G Ni, and by detaching the entering line £' T , then reattaching it to all nodes w G N2. Consider 
also a second family J~2(T) of self-energy clusters obtained from T by detaching the exiting line 
£t then reattaching it to all nodes w G N2 and by detaching the entering line £' T then reattaching 
it to all nodes w G N%. 

It can happen that, detaching £t from a node w\ G iVi and reattaching it to a node 1^2 G 
N(T), some node factors change their sign because some lines change their direction (see the 
proof of Lemma l3~T8l) . But, since hg T = on and = aj, the number of changes of sign is even, so 
that the overall product of the node factors does not change its sign. The shift of the lines £t and 
£' T also changes the combinatorial factors of some node factors. However, if we group together 
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all the self-energy clusters in F\{T) with the two lines £t and £' T attached to the same nodes 
v € Ni and w € N2, respectively, we see that the corresponding values differ from each other 
because of a factor —v v v w . Reasoning in the same way we find that there are no changes of sign 
in the product of the node factors also in the construction of the family ^(T). Moreover, for 
those lines that change their direction after such shift operation, the momentum i>i is replaced 
by —Vt but no changes are produced in the propagators since they are even, except for the 
differentiated propagator which can change sign: the sign changes for the self-energy clusters in 
J-\ (T) , while it remains the same for those in Ti (T) . Then by summing over all possible cluster 
in J-\{T) we obtain —V\V<i times a common factor, while summing over all possible cluster in 
J-2{T) we obtain V\V2 times the same common factor, so that the overall sum gives zero. ■ 

Lemma 3.11. For all k > 1 one has 

[-d a f(a,P)]^ = (3.14a) 
M< £,h(°) = °> i = l,...,d, h = a u ...,a d ,/3 (3.14b) 



Proof. We first prove (|3.14a|) . Given 9 £ @k,o,aj > denote by $(6) the set of all possible 6' £ ®k,o,otj 
which can be obtained from by detaching the root line Iq and reattaching it to each node 
v 6 N(0). The values of such trees differ from each other because of a factor ii/„, where v is 
the node which the root line is attached to (again, as in the proof of Lemmas 13.81 and I3.10[ 
there is an even number of nodes whose node factor changes sign, and hence the overall product 
does not changes). But then, since ^2 veN ^ v « = ^> the sum over all such contributions is zero. 
Moreover this holds identically in cto, Po, therefore by Lemma 13.71 also (I3.14bp follows. ■ 

Remark 3.12. Identity ()3.14ap is formally equal to (|2.2cj) : therefore we proved that (I2.2cp 
formally holds. So, besides the convergence of the series, we are left with flUdJ) to be solved. 

We can summarise the results above as follows. Let us write 

M[%x, n) = JSfW + xVi k l + x 2 $i%) + <%i k }(x, n), (3.15) 

with 

:=MSS(0), : =^2(0), 9lU(x,n) := /' dr (1 - r)d 2 x M^(rx) 

Jo 

&Hix,n) :=Mi k l(x,n)-Mi%x). 
Then we have 

M« (x, n) = x 2 2>W (x) + #(J) (x, n), i,j = l,...,d, 



(3.16) 



M^pix, n) = xVjVj + x 2 ^(x) + ^(x, n), i = 1, . . . , d, 
HI ^ n ) = ~ x * + x2 ®£l (x)+4%(x,n), i = l,...,d, 



(3.17) 



11 



In other words, if we could ingore the "rest" &u,e{x,n), we would obtain a gain factor pro- 
portional to x 2 for the self-energies with u,e G {ai, . . . , otd}, a ga m proportional to x for 

u = ati, . . . , ad and e = (3 (or vice versa) and no gain for u = e = (3 (but in the latter case no 

(is) (k) 

factor proportional to x would appear). This suggests us that if jSfg L = and D a 'a = for 
all i = 1, . . . ,d and all k > 1, we would obtain a gain proportional to x 2 for any self-energy 
(provided the "rest" is small) and this should imply the convergence of the power series. 

Condition 1. For all k > 1 one has = and "D^o = for all i = 1, . . . , d. 

Lemma 3.13. Assume Condition^ Then for all h, h' G {ai, . . . , ad, ft} and for any (do, fto) € 
T rf+1 one has \M^ h , (x,n)\ < C k x 2 , for some positive constant C. 

The proof of the result above essentially follows the lines of the proof of Lemma 6.6 in [3]. 

Remark 3.14. One can prove also that, setting TJ^^ = g, ■ ■ ■ ,T>^ a g), one has 

u.V^ B = 2i{k-l)[d B f{cc,P)}^\ 

for all k > 1. We shall not give the proof of the identity above since it will not be used here. 

If Condition Q] is satisfied, Lemma 13.131 implies the convergence of the series (|2.4|) for e 
small enough: the argument is the same as after Lemma 6.6 in [3]. Moreover, by Lemma |3.7[ 
the assumption -5fi*g = reads [dpf(a, /3)]q = const. Due to the variational nature of the 

Hamilton equation, [dpf(a, (3)]^ is the /3o-derivative of the A;-th order of the time average of 
the Lagrangian 7W (which is analytic and periodic) computed along a solution of the range 
equation (one can reason as in [4j). This implies [dpf(a, /3)]q^ = 0, so that also (I2.2dj) holds 
for any /?o G T d . Therefore, at least in the particular case that Condition Q] holds, we provided 
a quasi-periodic solution to the equation (jl.2p as a convergent power series in e. Note that in 
such a case the initial phase (3q remains arbitrary, so that the full (d+ l)-resonant unperturbed 
torus persists. 

4 Resummation of the formal expansion 

In Section [3] we have seen how to deal with the "completely degenerate case" of Condition [1] 
which yields infinitely many identities. If these identities do not hold we are not able to prove 
the convergence of the series (12. 4h . Now we shall see how to deal with such a case. 

4.1 Renormalised trees 

As seen in Section [3721 all the obstruction to the convergence are due to the presence of self-energy 
clusters. Now we shall perform a different tree expansion with respect to the one performed in 
Section f3.il in order to deal with this problem. 

More precisely, we modify the tree expansion envisaged in Section 13.11 as follows. Given a 
tree 9 we associate with each node v € N(9) a mode label and a component label as in Section 
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13-H with each line £ G L{9) we associate a momentum label as in Section 13.11 and a pair of 
component labels (ei,ui) G {ai, . . . , ay} with the constraint that ug v = h v . We shall call eg 
and ui the e- component and the u- component of respectively. We denote by p v and ^ the 
number of lines with e-component aij for some j = 1, ... ,d and /? entering v, respectively, and 
set s v = p v + q v . We still impose the conservation law (|3.1|) . We do not change the definition 
of cluster, while from now on a self-energy cluster is a cluster T with only one entering line £' T 
and one exiting line £t such that V(_ T = , i.e. we drop the constraint (ii) from the definition 
of self-energy cluster given in Section 13.11 

A renormalised tree is a tree in which no self-energy cluster appears. Analogously a renor- 
malised subgraph of a tree is a subgraph S of a tree 9 such that S does not contains any self-energy 
cluster. 

Given a renormalised tree we call total momentum and total component the momentum 
and the e-component associated with the root line. We denote by 0^, h the set of all renor- 
malised trees with order k total momentum v and total component h, and by fRn tU ,e the set of 
renormalised self-energy clusters on scale n such that U£ T = u and egi = e. 

Given 9 G 0^ h we associate with each f G N(9) a node factor defined as in (|3.2p and 
with each £ G -£>(#) a propagator defined as follows. First of all, given a (d+1) x (cZ+1) matrix 
A with entries A^^', for /i, /i' G {ai, . . . , ay, /?}, we denote by ^4 Q)Q the d x d matrix with entries 
(A ata )i,j ■= A ait0lj , for i,j = l,...,d, by the vector with components {A a ^)i := A au/3 , 
for i = 1, . . . , d, and by Ap >a the vector with components (Ap )tx )j := Ap :<x . (x), for j = 1, . . . , d; 
with a slight abuse of notation we denote in the same way both column and row vectors. Then 
we define recursively the propagator of the line £ as Qi := G^u e (^ • ^e), with 




(4.1) 



where is defined as in Section [3.11 1 is the (d+1) x (d+ 1) identity matrix and 



n-l 




(4.2) 



q=-l 



with Xq defined as in Section 13.11 and 




Ten 



e k{T) y T {x), n > -1, (4.3) 



and 




(4.4) 



is the renormalised value of T. 

Set M := {M^ a \x) } n >-i- We call self-energies the matrices A4l n ](a;). 
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Remark 4.1. By construction Q^ n \x) depends also on e and /3q, even though we are not making 
explicit such a dependence; it does not depend on ctQ because /^(cto. A)) = e lu a ° fvifis) and 
YlveNfT) u v = for any self-energy cluster T. The last comment applies also to the quantities 
F[ fc l(e,/3 ) and G^fo ft) introduced in @3J below. 

Setting also C/' -1 ' = 1, for any renormalised subgraph S of any 6 € ©W, , we define the 
renormalised value of »S as in (|3.5p . but with the new definition for the propagators. 

Set 9*, )a := G^ jai x ... x Qf^ and for any = . . . , d ) G 8*^ denote 7(0) := 
(^(^i), . . . , Then define (formally) 



^ ] (^o):=E *W G [ %,A)):=E 



(4.5) 



Finally set (again formally) 



a*(i;e,a ,A)) := E e * E ^""ai? (e, a , A)), (4.6a) 
&^; £ ,a ,A)) := E e * E ^"^l? (s, « ,A)), (46b) 



F n {e,p ):=Y,e k F^(e,p Q ), (4.6c) 

fc>0 

G n {e,M:=Y,z k G [k] {e^ ), (4.6d) 



fc>0 



and define 



a n (t; e, a , A)) = a + ujt + a n {t; e, a , /So), 
e, a , A)) = A) + e, «o, A))- 



(4.7) 



The series (|4.6p will be called resummed series, the term "resummed" coming from the fact that 
if we formally expand (I4.6D in powers of e then we get (12. 4p . as is easy to check. 

For any renormalised subgraph S of any tree 9 we denote by Win (S) the number of lines on 
scale > n in S and define K(S) as in (13. 7f) . Then we have the following results which are the 
counterparts of Lemmas 13.31 and 13.41 respectively, for renormalised trees. 

Lemma 4.2. For any h 6 {a±, . . . ,ad,/3}, v E k > 1 and /or any G ®kvh suc ^ 
r{6) 0, one has m n {6) < 2~ { - mn -^K{6) for all n > 0. 

Lemma 4.3. For any e,u € {«i, . . . , a^, /3}, n > and for any T € 9^ n ,«,e snc/i £/ia£ Yt{ x ) 7^ 0, 
one /ms if (T) > 2" 1 "" 1 and %lp{T) < 2"^ ~^K{T) for0<p<n. 

The two results above can be proved as Lemmas 4.1 and 4.2 in |3j. respectively. 



14 



4.2 A suitable assumption: bounds 



Here we shall see that, under the assumption that the propagators Q^l(u ■ is) are bounded 
proportionally to l/\u) ■ v\ c for some constant c, the series (|4.6p converge and solve the range 
equations (I2,2al) and (|2.2bj) : the key point is that now self-energy clusters (and hence resonant 
lines) are not allowed and hence a result of that kind is expected. Then, in what follows, we 
shall see that the assumption is justified at least along a curve Po( £ ) where also the bifurcation 
equations (|2.2c|) and (|2.2d|) are satisfied. 

Define || • || as an algebraic matrix norm (i.e. a norm which verifies ||j4-B|| < ||j4||||i?|| for all 
matrices A and B); for instance || • || can be the uniform norm. 

Definition 4.4. We shall say that Ai satisfies Property 1 if there are positive constants c\ and 
C2 such that 



< 



Cl 



C-2 



for all n > 0. Call S := {(e, (3q) elxT: Property 1 holds}. 

Definition 4.5. We shall say that Ai satisfies Property 1-p if there are positive constants c\ 
and C2 such that 



< 



\C2 



for0<n<p. Call S p := {(e, /3 ) G R x T : Property 1-p holds}. 

Lemma 4.6. Assume (e,/3o) € S p . Then, for < n < p and e small enough, the self-energies 
are well defined and one has 



diMl! 



^ 1 —K -2 mn 

< e Kje 3 . 



J = 0,1, 2, 



for some positive constants Kq, Kq, K\,K\^Ki and Ki- 



The proof is essentially the same as the proof of Lemma 4.8 in [3] and Lemma 4.3 in [3]. In 
particular we need Remark 13.61 when bounding the derivatives. 



Remark 4.7. If Ad satisfies Property 1-p the matrices Ai^(x) and Q^ n \x) are well defined 
for all — 1 < n < p. In particular there exists 70 > such that |<?i ra ii(2;)| < 70 a mn (u;) _C2 for all 
< n < p. If Ai satisfies Property 1, the same considerations apply for all n > 0. 

Lemma 4.8. Assume (e,/?o) £ <S P . Then, for < n < p and e small enough, one has 



Ml%x)-Ml%0)-xd x Mlt(0) 
for some positive constants K3 and K3. 

The proof is essentially the same as the proof of Lemma 4.6 in [3]. 



Lemma 4.9. Assume (e,/3o) € S. Then the series fl^.ffi ), with the coefficients given by U 
converge for e small enough. 
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The proof is essentially the same as the proof of Lemma 4.5 in [3] and Lemma 4.9 in [3]. 

Lemma 4.10. Assume (e, /3o) £ S. Then for e small enough the function ( L/.fa ) and H4-6b ) 
solve the range equations \2. 2a\) and 12. 2b\) . respectively. 

The proof is essentially the same as the proof of Lemma 4.6 in [3] and Lemma 4.10 in [3J. 
4.3 A suitable assumption: symmetries 

Here we shall prove that, under the assumptions that A4 satisfies Property 1-p, there are suitable 
symmetries for the self-energy clusters: such symmetries are the counterpart of those founded 
in Section 13.31 for the formal expansion. Property 1-p is assumed only because, under such 
assumption, all the quantities are well defined. 

Lemma 4.11. Let 5S„ the set of B : R — > GL(n,C) such that 

Bij(-x) = B jti (x), i,j = 1, . . . ,n- 1, B n>n (-x) = B n>n (x) 
B n ,i{-x) = -B i>n (x), i = 1, ... ,re - 1. 

Then if B € <B n also B' 1 £ 5S n . 

Proof. If B € 2$n define the matrix A by setting 

Bij(x) = Aij(x), i,j = 1, ... ,n — 1, B n>n {x) = A n n (x\ 

B n ,i( x ) = xA n,i( x ) and B i,n( x ) = xA i,n( x ), i = 1, . . . ,n - 1, 
so that A T (— x) = A{x). Denote also by Cij(x) the cofactor of the entry Aij(x) for i,j = 
1, . . . , n. By construction Cij(-x) = Cj^{x) for i, j = 1, . . . , re: then 

det B{x) = (-lf-V [A n}1 {x) C„,i(x) - . . . + (-l) n ~ 2 yl n , n _i(x) C„,„_i(x)] + A n>n (x) C n>n (x) 

= x 2 det A(x) + (l - x 2 ) A n ^ n (x) C n , n (x), 
so that detB(-x) = detB(x). By noting that 



(B-\x)) ' 



det#(x) 



x 2 C itj (x) + (1 - x 2 )Dij(x), i, j = 1,. . . ,n - 1, 

xCij(x), i = n and j = 1, . . . , n — 1, 

x Cij(x), i = 1, . . . , re — 1 and j = n, 

Cjj(x), i, j = re, 

where Dij(x) is the cofactor of -Ajj(a;) seen as entry of the (n — 1) x (n — 1) matrix obtained 
from A(x) by deleting its re-th row and re-th column, the assertion follows. ■ 

Lemma 4.12. Assume (e, /3o) € S p . Then for all —1 < n < p one has 

Mt ] Ax)) T = Mt ] A-x) = (Mt] a {x))\ (4.10a) 

M^(x) = M^(-x) = (Mf^x))* , (4.10b) 

M [ :] (x) = -M% a (-x) = - (M [ ;] a (x))\ (4.10c) 
where * denotes complex conjugation. 
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Proof. We shall proceed by induction on n. First of all note that for n = — 1 (I4.10|) trivially 
holds, since 



where 0^ is the d x d null matrix. Assume than that (|4.1U|) hold for all — 1 < n' < n and let us 
start from the first equality in (|4.10ap . Given any T G 9^,^, ay let T" be obtained from T by 
reversing the orientation of the lines along Vt U {£t, £'t\- Denote by N(Vt) the set of nodes in 
N(T) connected by the lines in Vt- The node factors of the nodes in N(T) \ N(Vt) and the 
propagators on the lines outside Vt do not change when considering them as nodes and lines in 
T' . Given v G N(Vt) let £ v ,£' v G Vt U {£t,£' t } be the lines exiting and entering v, respectively. 
If U£ v = eg; = (3 or ug v , et> G {a\, . . . , ad} then T v does not change when considering v as a 
node in T". If ug v = (3 while eg/ G {ai, . . . , a^} or vice versa, the node factor J 7 ^ changes its sign 
when considering v as a node in T'. Now, given £ G T-V w e compute the propagator associated 
with £ at xg := u ■ vi = u ■ v\ + x and we obtain Qg = ^f ne (xg)(xft — M^ ne ~^ (xg))~^ ; when 
considering £ as a line in T', if we set u ■ Vgi i = —x, then the momentum of £ changes sign and 

hence the propagator becomes ^f ne (—xg)((—xe) 2 l — .M^ -1 ^— xg))~^ e : thanks to the inductive 
hypothesis and Lemma f4.1H if eg = U£ = (3 or eg = ug G {cti, . . . , ad} the propagator does not 
change when considering £ as a line in T", otherwise it changes its sign. Let ho, ... , h 2 \-p T \+i be 
such that ho = ue T , {hi, . . . , h 2 \-p T \ \ is the ordered set of the components of the lines in Vt and 
h 2 \-p T \ + i = e^. Note that there is a change of sign (in the node factor or in the propagator) 
corresponding to each ordered pair h r , /i r +i such that either h r = ai for some % = 1, . . . ,d and 
h T+ \ = (3 or vice versa. Since ho = ai and h 2 \-p T \+i = ay the number of changes of sign is even 
and therefore the overall product does not change. This proves the first equality in (|4.10ap . The 
first equality in (I4,10bj) can be proved in the same way. 

Now let T" be the self-energy cluster obtained from T 1 by replacing the mode labels v v of 
the nodes in N(T') with — v v . The node factors are changed into their complex conjugated and, 
thanks to the inductive hypothesis, when computing at Vgi f = —Vgi i , also the propagators are 
changed into their complex conjugated. Hence also the second equality in (|4,10ap is proved. 
Again analogous considerations lead to the second equality in (|4.10bj) . 

To prove (|4.10c|) one can reason in the same way, the only difference being that for T G 9tn,ai,/3 
the number of changes of sign of the propagators of the lines in Vt and of the node factors of 
the nodes in N(Vt) is odd. This implies the change of sing in the first equality in (|4.10cp . ■ 

Lemma 4.13. Assume (s,/3q) G S p . Then one has for —1 <n<p 




(4.11) 



MtUx) = 0(e 2 x 2 ), 
M [ ;] a {x) = 0(e 2 x), 
M [ ^(x) = 0(e 2 x), 




(4.12a) 
(4.12b) 
(4.12c) 
(4.12d) 



MW(x)=MW(0) + O(e 2 x 2 ) 



where M l ^(0) = 0(e). 
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Proof. Let us start from the proof of (|4.12aj) . First of all we shall show that X^Tg?H n u e ^t(O) = 
where (u, e) £ {ai, . . . , ad} 2 - Given a self-energy cluster T £ 9in,ai,aj for i, j = 1, . . . , d consider 
all the self-energy cluster which can be obtained from T by detaching the entering line £L and 
reattaching it to each node v £ N(T). After such operation ^t(O) changes by a factor if v 
is the node which the entering line is attached to, while the other node factors and propagators 
do not change (the combinatorial factors can be discussed as along the proof of Lemma 13. lOj) . 

The sum of all clusters values is zero because YlveNCT) u v = 0. This implies Ma} a (0) = 0d (see 
the beginning of the proof of Lemma 14.121 for notation). 

Now let us write d x ^T(0) as in (|3.13|) . where again the propagators have to be computed 
at <jJ ■ V£' t = 0, but now 

The line £ divides L(T) in two disjoint set of nodes JVi and N2 such that £t exits a node in N\ 
and l' T enters a node in N2. In other words N2 = {w £ N(T) : w ~< £} and N\ = N(T) \ AT 2 . Set 

v\ = ^2 u v, "2 = ^2 v v- ( 4 - 13 ) 

Since T is a self-energy cluster one has v\ + i>2 = 0. Now consider the family J-\(T) of self-energy 
cluster obtained from T by detaching the exiting line £t and reattaching it to all nodes w € N±, 
and by detaching the entering line £' T and reattaching it to all nodes w € A^- Consider also 
the family ^(T) obtained from T by detaching the exiting line It and reattaching it to all 
nodes w G N2, and by detaching the entering line £' T then reattaching it to all nodes uu € N±. 
One can note that the product of the node factors of a cluster T' £ J~i(T) differs from that 
of T only because of an extra factor —u v v w , where v £ N\ is the node which £t is attached 
to and w £ N2 is the node which £' T enters (again we are considering together all self-energy 
clusters with the entering and exiting lines attached to the same nodes, respectively). Indeed, 
detaching It from a node w\ £ N\ and then reattaching it to W2 £ N\, some node factors 
of the nodes in N(V(wi,W2)) (we are denoting by V(wi,W2) the path connecting w±,W2 and 
by N(V(wi,W2)) the set of nodes connected by lines in V(wi,W2)) can change their sign since 
some lines can change their direction (see Lemma l4.12p . Of course if the components of a line 
£ £ V(wi,W2) are inverted, the corresponding propagator Ge = i bn i (xe){x'jl — A^ n<-1 -' (xg))" 1 ^ 
is replaced by ^ ne (-X£)((-xe) 2 t - M^ -1 ^-^))"^; thanks to Lemma [4T2l if ee = u e = (3 
or ee = ui £ {a\, . . . ,ctd} the propagator does not change when considering £ as a line in T', 
otherwise it changes its sign. But since one has ui T ,epi T £ {a\, ■ ■ ■ , cy}, then the number of 
changes of sign (both in the node factors or in the propagators along V(wi, W2)) is even, so that 
the overall product does not change sign. 

Reasoning as above, we can conclude that the value of a a cluster T" £ J~2(T) differs from 
that of T only because of a factor —v v v w , where v £ iVj is the node which £' T enters and w £ N2 
is the node which £t exits. 

No other changes are produced, except for the differentiated propagator which can change 
sign: the sign changes for the clusters in J-±(T) while it remains the same for those in ^(T). 
Then by summing over all possible cluster in J-\(T) we obtain —v\i>2 times a common factor, 
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while by summing over all possible cluster in J~2(T) we obtain V1V2 times the same common 
factor, so that the overall sum gives zero. Hence (|4.12ap is proved. 

Now pass to (]4.12bp . Given a cluster T 6 y\. njU:e with e G {a%, . . . , a^} and u = (3 consider 
all the self-energy clusters which can be obtained from T by detaching the entering line £' T (note 
that ei T = e) and reattaching it to all the nodes v G N(T). Note that again some momenta can 
change sign, but the correponding propagators does not change (again reasoning as done for the 
proof of Lemma 14.121 above). Hence we obtain a common factor times \v v where v is the node 
which the exiting line is attached to, so that YIt ^t(O) = 0. 

To prove (|4,12cp one simply notes that it follows from (|4,12bp and (|4.10cj) . 

Finally, given a cluster T G SHn,^, consider a contribution to d x ^ / t(0) in which a line £ is 
differentiated (see (|3.13p ). The line I divides N(T) into two disjoint set of nodes Ni and ./V2 
such that £t exits a node v\ G N\ and l' T enters a node V2 G N2 i.e. N2 = {w G N(T) : w ~< £} 
and N% = N(T) \ iV^- Again, with the same notations as in (|4.13p . one has v\ + i>2 = 0. Then 
consider the cluster obtained by detaching the exiting line It from v% and reattaching it to the 
node V2, and, at the same time, by detaching the entering line £' T from V2 and reattaching to 
the node v\\ note that this new cluster again belongs to 5Hn,/3,/3- Due to this operation, the 
directions of the line along the path connecting v\ to 1)2 are reversed, so that for such lines the 
momentum vi is replaced with — but the product of the propagators times the node factors 
does not change. This means that no overall change is produced, except for the differentiated 
propagator which change the sign. By summing over the two considered cluster we obtain zero 
because of the change of sign of the differentiated propagator. Hence the assertion follows. ■ 

Remark 4.14. Lemma 14.131 is the counterpart of ()3.17j) for the renormalised self-energies. 
Set £? i = i e G e f,u,h 'nt<n for all £ G L{9)} and define 
F^ n (e,p Q ):=Y,e k £ ^(0), G^ n (e, ft) := £ e k £ 7(0). (4.14) 

Lemma 4.15. Assume (e, ft) £ S p . Then one has edp G n > n {e, ft) = A4^(0)+O(e 2 e _Oaf " n+1 ), 
/or some positive constant C, for all n < p. 

The proof of the result above essentially follows the lines of the proof of Lemma 4.12 in [3] 
and Lemma 4.8 in [4]. In particular it does not depend on the Hamiltonian structure of the 
equations of motion. 

Remark 4.16. From Lemma 14.151 it follows that, if (s, ft) G S, one can define 
M [Qo] (x) := lim M [n] {x), G n (e,fo) := lim G^' n (e,ft), 

n—»oo n— )-oo 

with G^' n (e,ft) := (F^' n (e, ft), G n > n (e, ft)) and one has 

M [ $(0) = edp G n (e,f3 ). (4.15) 

Note that (|4.15p is pretty much the same equality provided by Lemma 4.8 in [3J, adapted to the 
present case. 



19 



4.4 A suitable assumption: bifurcation equations 



Here we shall see how to solve the bifurcation equations (j2.2c|) and (|2.2d|) under the assumption 
that Property 1 is satisfied; again Property 1 assures that all quantities are well defined. We 
shall see that ()2.2c[) is automatically satisfied, while (|2.2d|) requires for ft to be properly chosen 
as a function of e. 

Lemma 4.17. For any (e,A>) G S one has F n (e,l3 ) = 0. 

Proof. Consider a tree 8 € 6^ 0ai (that is a contribution to F- k (e, with root line £$ such 
that ui = ai (of course e^ e = ctj), so that the propagator of the root line is 1. Now consider all 
trees 8' obtained 8 by detaching the root line £g and reattaching it to all nodes v € N(0). By 
detaching £g from v £ N(8) and reattaching it to another node w € N(8), the lines £ € V{v,w) 
(we are using the same notation as in the proof of Lemma 14. 13j) change their direction. In 
this case, given a node v\ € N(V(v,w))\{v,w}, call £ Vl ,£' v € V(v,w) the lines exiting and 
entering v% respectively. The node factor F Vl does not change its sign if ug vi = eg> v = [3 or 
u iv 1 > e iv 2 ^ { a i' • • • i a d} when considering v\ as a node in 8' , otherwise the sign of F VI changes. 
The node factor T v does not change its sign only if eg v E {a\, . . . , a^}, while the node factor F w 
does not change its sign only if Ug w G {«i, . . . , a^}- Moreover, given a line £ £ V(v, w), thanks 
to Lemma 14.121 the corresponding propagator does not change its sign when one considers £ as 
a line of 8' only if = it£ = [3 or eg, U£ £ . . . , a^}. Since one has U£ e = then the number 
of changes of sign, of both the propagators and of the node factors, is even, so that the overall 
product does not change. But in this case, the value of 8' differs from the value of 8 by a factor 
iv v , if v is the node which the root line is attached to. The sum of all such values is zero because 
J2veN(8) v v = 0- 

Let us now consider a tree 8 £ 0j^ o a . with ui e = ctj with j ^ i or U£ e = (3. In this case the 
value of the tree is zero because the propagator of the root line is (l) e£ >Ue = 0. Of course we 
can reason in the same way for any i = 1, . . . , d, therefore the assertion follows. ■ 

Now consider the equation 

G n (e,f3 ) = 0. (4.16) 

One cannot reason as in Lemma 14.171 above, because in principle there can be nonzero terms 
since the first order: in such a case, we have to consider (|4.16p as an implicit function problem 
and fix (3q = f3o(e) in a suitable way. 

Lemma 4.18. Assume that there exists e > such that S = [—e,e] x T. Then there exist at 
least two values /3q = (3q(e) such that \J^.16 ) is satisfied for e small enough. 



Proof. Thanks to the variational nature of the Hamilton equations, the function is the /Jo- 
derivative of the average of the Lagrangian 7 computed along the solution of the range equations 
(see the comments at the end of Section [3]). Under the assumption that Property 1 holds for all 
Po G T, 7 is C°° for any /3o € T and hence it has at least two critical points. ■ 

If Property 1 does not hold for all ft G T — or simply if this is not known — , we have 
to reason in a different way. First of all, let us formally expand in power series in e, by 
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writing G n (/3 ) = £ fc > e k G n{ - k \Po). Note that G R( - k \(3 ) equals [dpf(a, P)] ( k) and hence can 
be written as a sum over non-renormalised trees as in (|3.6b|) . 

If one has G^ k \ao, /3q) = for all k > 0, then (|4.16p is formally satisfied. Otherwise the 
following condition makes sense. 

Condition 2. Either GP*~(°>(/3o) is not identically vanishing or there exists ko £ IN swc/i £/ia£ 
G^ fc) (/3 ) = for0<k<k , while G n ( k °\fio) is not identically vanishing. 

Remark 4.19. We know that G^ ko ^ is the derivative with respect to /3q of the time average 
of the fco-th order Lagrangian computed along the formal solution. Since 7^°) is analytic 
and periodic in /3q, and it is not identically constant, then it admits at least one maximum and 
one minimum. In particular, for a = ±, there exist (3Q a 6 T and n CT € IN, with n a odd, such 
that (o-l) ko+1 dllG n{ - ka \^ a ) < 0. 

Remark 4.20. Under Condition [2] we can write 

G n {e,p Q ) = e ko (G n ^ ko \f3 ) + G n > ko Xe,Po) 



where k > and G n(>k °\e, fa) = 0(e); hence we can solve the equation of motion up to order 
ko without fixing the parameter (3q. 

With the notations in (|3.16l) . the condition that G^(e, /?o) identically vanishes to all orders 

(k) 

is equivalent to the condition that S£\ L = for all k > 1 (see comments at the end of Section 
[3]) . Therefore the only condition left when neither Condition [T] nor Condition [2] are satisfied is 
the following. 

Condition 3. One has = for all k > 1 and there exists i = 1, . . . , d and k\ E IN such 

that T)„o = for k < k\ while T>^ x \ does not vanishes identically. 

Remark 4.21. If we take the formal expansion of the functions F^(e,(3o), CP^(e, (3q) an d 
Al|£e(0), u, e G {ai, . . . , eta, /?}, we obtain the tree expansions of Section [3] where the self- 
energy clusters are allowed. Then, as we have seen in Lemma l3.5( the identity (I4.15P holds to 
any perturbation order. If we assume Condition [2] we obtain 



fco-l 



k=l 



fco-l 



E ^H>)] (fc) 
fc=i 



<^A ie - A22 '" n , (4.17) 



for some positive constants A\ (depending on ko) and A^. If Condition [3] is satisfied, then (I4.17P 
is satisfied for any (finite) ko, so that «M^g(0) — > faster than any power as e — > 0; moreover 
in such a case [9 X A^„ 1(0)] ^ = for all k = 1, . . . , k\ — 1 and 



k\ — 1 

E =*[s«^(o)]C*> 
fe=i 



<^Sie-^ , (4.18) 
for some positive constants B\ (depending on k%) and B%. 
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Assume Condition [2] and fix a G {±1}- Suppose for the time being S to be an open set 
containing (0,/3q ct ). Then, by reasoning as for Lemma 4.15 of [3], one can show that (i) there 
exists a neighbourhood U of e = such that the implicit function equation (|4.16|) admits 
in S a solution (3q = /3o iCr (e), with e € U and A),<r(0) = flo a ', (h) for signe = erl one has 
edp Q G n {e, /3o j(J (e)) < 0. Then for e E U, with signe = crl, and (3q = /3o j(T (e), the functions a 7 *-, 

in (14. 7h are well defined and one has 

G^(e,/3 ) = [^/(a TC (t; e ,ao,/?o),^(t;e,ct ,^o))]o, 

and hence by Lemma [4.101 the functions ct^t; e, ceo, /3o,<t(s)) and /3 TC (i; e, oto, A),<r(£)) solve the 
equation of motion f 1 1 . 2 j> . However, the argument above is not sufficient to prove the existence 
of a quasi-periodic solution with frequency u>, because we have assumed — without proving — 
that Property 1 is satisfied on a non-empty open set. In Section [4.51 we shall show that, thanks 
to the simmetry property of Lemma [4.101 and the identity of Lemma [4.15[ Property 1 is satisfied 
along a suitable curve (5q = /3 (e) such that G^(e, /3 (e)) = and (3q(s) is continuous for e ^ 0. 
More precisely, we shall proceed by induction as follows. Under Condition [3[ assuming that 
Property 1-n holds for all n < p will imply, thanks to the bounds and symmetry properties seen 
in the previous sections, that also Property 1-p holds. The discussion of Condition [2] is more 
delicate: we shall need to introduce some auxiliary quantities for which an analogous result is 
obtained and then show that this yields the same result for the self-energies. 



4.5 Convergence of the resummed series 

First of all we recall that if we formally expand the resummed series, we obtain the same formal 
expansion as in Section [3[ In particular, either Condition [1] is satisfied — and hence we can 
reason as in Section [3] — or at least one among 5£pl and T)£ 'a for i = 1, . . . , d is not identically 
vanishing. Let us start from the case in which Condition [3] holds. 

Lemma 4.22. Assume Condition^ Then A4 satisfies Property 1 for all /3q G T and e small 
enough. 

Proof. We shall prove that A4 satisfies Property 1-p for all p > 0, by induction on p. Property 
1-0 is trivially satisfied for e small enough. Indeed the matrix M\~ l \x) defined in (|4.1ip is the 
null matrix, so that Q^(x) = \^q{x)/x 2 , and hence ||^^(x)|| < co/x 2 ^ d+1 \ for some constant 
cq > 0. Assume that A4 satisfies Property 1-p. By Lemmas 14.81 and 14.131 



M {X) [o M%(0)) +X { dx Mf >a (Q) ) +Q[£X 

We have to bound from below the determinant of the matrix x 2 l — M\ p \x): we have 

det(x 2 l - M lp] (x)) = x 2d (x 2 - (MfjO) - d x M®J0) + 0(e 2 x 2 )), (4.19) 
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so that we have to show that 



with x > 



■2 ^ S+i( W ) 2 



2 8 



Since 



< 



k=l 



+ 0{e k - +1 ) < e 2 B ie - B * 2mp + 0{e k - +1 ) 



and (use Remark 14.211 with = 2k\ + 2) 

2fci+2 



< 



53 £ fc K>)] (fc) 
fc=i 



+ 0(e 2fel+3 ) < e 2 A 1 e- A * 2mp + 0(e 2fel+3 ) 



the assertion follows by the condition B(u) < oo. ■ 

By Lemma 14.221 we can apply Lemma 14.181 and deduce, in the case of Condition [31 the 
existence of at least two d-dimensional invariant tori. Therefore we are left with Condition [2j 
First of all, for all n > 0, we define the C°° non-decreasing functions £ n such that 



1, x<a mn+1 (u) 2 /2 12 , 
L 0, x>a mn+1 {u) 2 /2 l \ 

and set £_i(x) = 1. Define recursively, for all n > 0, the regularised propagators 



(4.20) 



^ T7[»-l] ( 



:= a^l - Ai J (x)£„-i(A 



n-l. 



with M [ 11 (x) = A*^ x) as given by (|4.11j) and, for all n > 0, 

A* W (x) := A7 [n_1] (x) + X n(x)M [n \x), 
where we have set for all u, e € {a±, . . . , ad, /?}, 

M [ :\{x):= £ ^V t (x), 



with 



and 



r T {x) : = n ^ n e 



>v£N(T) 



A«-i = A n _i( e ,/3 ) := M^ 1] (0;e,/3 ) - £ e fe [^ n / J (0; e, /3 )] 

fc=0 



fco-l 



(fc) 



Set also Al := {A* lnJ (s)} n >-i and A4 4 := {A4 lnJ (a;)&»(A„-i)}n>-i. 
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Lemma 4.23. Ai satisfies Property 1 for e small enough and any /3q G T. 



Proof. We shall prove that Ai^ satisfies Property 1-p for all p > 0, by induction on p. Property 1- 
is trivially satisfied for e small enough. Indeed the matrix Al} is self-adjoint, so that also 

Q^[x) is self-adjoint and we can estimate its eigenvalues and conclude \\Q^° (x)\\ < co/x 2 ( d+1 \ 
for some cq > 0. Assume then that satisfies Property 1-p. Then we can repeat almost word 
by word the proof of Lemmas 14.81 and 14.131 as done in O 2] so as to obtain 



M [p \x) 



d 

M^(0) 



+ x 



0d 







2_2\ 



+ 0(e z x 



We have to bound from below the determinant of the matrix x 2 l — M^ p \x)£ p (A p ) 
it is easy to check that such determinant is 



x 2d [:> 



M^(0)- d x M^ p (0) )£ p (A p ) + 0(e 2 x 



-2 2- 



(4.21) 
From (|4T2"Tj) 

(4.22) 



Thanks to the definition of the functions £ p , since 



fcp— l ko-i 



fc=0 



fc=0 



by Remark 14.211 one has 



M^(0) - d x M% p (p) U P (A P ) > x 2 - (M% p (p) k P (A p ) > 



7bl 



.1 



Then ||^ [p+1] (a;)|| < ci/x 2 ( d+1 \ for some positive constant ci, that is Property l-(p + 1) with 
c 2 = 2(d + 1) in Definition [OJ ■ 



Set 



aL fcl ( £ ;« ,/3o):= E r W> ^(e; a , A)) := E ^ ^ °' 



r[fc] 



(4.23) 



where, for = (Oi, 



°d) G 9£„ Q we denoted y(0) := (r(0i), . . . , r(0 d )), and define 



E^ fe E« 



Au-ut—[k] 



^;e,« ,/3o) = E £fc E 



fc>i 



G(e,/3 ) := E^G- W ( £ ,/3 ) := E e " E 



(4.24) 



fc>0 



A result analogous to Lemma 14.91 holds and can be proved in the same way (see OS]), so we 
conclude that the series (I4.24D converge. However, because of the presence of the functions 
£ n , in principle no equivalent of Lemma 14.101 applies in this case. In other words, in general 
the functions (14.24p are no longer solutions of the equations of motions, unless £ n (A n ) = 1. 
Therefore we would like to show that, for any e small enough, it is possible to fix suitably 
Po = Po ( e ) m such a way that £ n (A n ) be identically one. 
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Lemma 4.24. One has [G(e, /3 )] {fc) = [G n {e, f3 )}^ for all k = 0, . . .,k . 
Proof. Set ©j^^g := {6* G : 3^ S L(#) such that = n} and write 

fc>0 n>0 ege TC(™) 



fc+1,0,/3 



Note that if G ©^0/3 one ^ as HueiV(0) 1*^1 — E22m ™, for some constants E\,B^. Moreover 
one can write formally 

g [n \x) = *„ £ (s)^(l + Y, (^M [ne ~ l] (x)Zn e -l(An e -l) 

m>l 

and ^-i(A^_i) = 1 + ^_ 1 (A*)A n< _i for some A*, where A n< ,_i = O(e fco ) and 



for some positive constant E% independent of n. Hence the assertion follows. ■ 
Define 

M [oo] (x) := lim M [n] (x), (4.25) 

n— >oo 

and note that, by Lemma [4.231 the limit in (14. 25ft is well defined, and it is C°° in both e and (3q. 
For a = ± let us introduce the C°° functions R(e,f3o) such that mL°1(0) = sdp R(e, /3q). 

Note that fl(e, ft) = e fc °r(e,/3 ), with r(e,/3 ) = G^ fc °)(/3 ) + 0(e), so that r(0,$J j(T ) = and 
5^r CT (0, /3q )0 .) 0, with /3q j(7 and n CT defined in Remark 14.191 For any of such function consider 
the implicit function equation 

R(e,p ) = 0. (4.26) 

Lemma 4.25. Assume Condition^ There exist a neighbourhood U of e = and, for e £U, a 
solution (3q = f3 (e) to the implicit function equation ft4.26\ ), such that 

ton Me)=Po,*, CT = ±> ed $o R(e,P o (s))<0. 
Moreover (3 (e) is continuous in U for fco odd and in U \ {0} for k$ even. 

Proof. By construction, all the functions r(e, /3o) are smooth for /3q G T and e small enough. 
Then there exist two half-neighbourhoods V a - and of /?o = /3o CT such that r(0, ft) > 
for ft G and r(0, ft) < for ft G By continuity, there exist a neighbourhood 

C/ CT = (— and a continuous curve Po ;a (e) such that ft iO -(0) = Po a and r(e, ft i(J (£)) = for 
e G U a . Moreover if d^G n ^°\^ a ) > 0, then and are of the form (ffi )tr ,v a , + ) and 
(v a -,PQ a ), respectively, and therefore dp T(e, ft iCT (e)) > for all e G C/ CT . If on the contrary 
d»;G n ^)(ffi }(T ) < 0, one has V a , + = and V a ,- = (ft* CT , ) , and then dp T(e, ft jCT ( £ )) < 

for all e G U a . 
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If ko is odd, then /3q + = /3q _ and hence one can take f3 (e) = /3o,+ (e) = Po,-( £ ) m such a 
way that it is a continuous function of e € £/+ = t/_. If fco is even, then one has /3q( £ ) = A>,+ ( e ) 
for e > and /3 (e) = /3o,-(e) for e < 0, so that /3 (e) has a discontinuity at e = 0. ■ 

Lemma 4.26. Assume Condition^ Let U and /3o(e) be the neighbourhood and the solution 
referred to in Lemma \4-25\ respectively. Then whenever e € U and (3q = /3o( e )> one ^ as £n(A n ) 
1 for all n > 0. 

Proof. By Lemma 14.251 for e € U and /?o = /3o( e )> one nas ■^fl's(O) = £ 9/3 R(s, Po( £ ))- Hence, 

since the matrices M {n \x) satisfy bounds analogous to those in Lemma l4.6( possibly renaming 
the constants, one has for /3 = (3q(£) 

fco-l 
k=l 

< |M^(0)| +e 2 A ie -^ 2m " +1 < 2K e 2 e-«° 2mn+1 + £ 2 A 1 e~ A ^ mn+1 < , 

p>n+l 

so the assertion follows by the definition of £ n . ■ 

The following result concludes the proof of the existence of an invariant d-dimensional torus 
under Condition [2j 

Lemma 4.27. Assume Condition^ and let Pq{e) be as in Lemma \4-25 One can choose the 
function R(e,/3q) such that R(e,/3 (e)) = G n (e, f3 (e)) = 0, where 



G n (e,P (e)) := lim G n > n (e, f3 (e)) 

n—*oo 



(in 



d the functions G^ ,n are defined in 14\ )- In particular (ct(t, e),/3(t, e)) = (ocq + ujt, /3 (e)) + 
(a^(t; e, cx.q, /3 (e)), b R '{t] e, otQ, /3 (e))) defined in \4- solves the equation of motion \1.2\) 

Proof. It follows from the results above. Indeed, for any primitive R there is a curve /3q( £ ) along 
which M. = M. = Jvfi (hence M. satisfies Property 1) and R(e; f3 (e)) = 0. By Lemma [4.151 and 
the fact that Ai satisfies Property 1, also G^ is among the primitives of -M^J and hence the 
assertion follows. ■ 



Remark 4.28. If one considers a convex unperturbed Hamiltonian, e.g. with a plus sign 
instead of the minus sign in (jl.ip . one can try to proceed in the same way. Some parts of the 
construction simplify: for instance, the self-energies A4^ k \x,n) turn out to be self-adjoint and 

—x,n). On the other hand, when dealing with Conditions [2] and El one 
has to bound from below determinants which have the form (|4.22p or (|4.19p . respectively, with 
the major difference that a sign plus appears in front of the squared term; for instance (I4.19P 
becomes 

x 2 \x 2 -(M%{V) + 



d*M®M )+0( £ V) 
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Then information on the sign of M^a(0) is not enough to control the corrections to x 2 and 
hence no lower bound follows for the determinant. Therefore in order to recover Cheng's result 
further cancellations seem to be necessary. In turn this means that one should expect other 
symmetries to hold for the self-energies. 

Acknowledgments. We are indebted to Pavel Plotnikov for useful discussions. 
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